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Studying PDEs algebraically

A system of linear differential equations with
polynomial coefficients in one unknown func-
tion f(x1,...,x,) can be written as

Plef=...=Pef=0 (1)

where ‘@ denotes the application of the operator and
each P; can be expressed using multi-indices as

P = Z c@ﬁmo‘(?ﬁ where c,3€ C.  (2)
(@, )

As in the case of commutative algebra, we can
then, instead of looking at the finite list of opera-
tors P, ..., P, equivalently look at the left-ideal
cenerated by them in the non-commutative
algebra of all differential operators with polyno-
mial coefficients.

The Weyl algebra

The (n-th) Weyl algebra of linear differential op-
erators with polynomials coefficients over C is de-
noted by

D, =Clxy,...,z,[{(O1,...,0n).

It consists of the elements of the free algebra gener-
ated by x1,...,x, and 0y, ..., 0, modulo the rela-
tion [0;, x;] = 1 and the commutativity of all other
generators.

Similarly, the rational Weyl algebra consists of
the linear differential operators with rational func-
tion coeflicients and is denoted by

R, =C(x1,...,2,){(01,...,0n).

The system of PDEs in Equation (1) can now suc-

cinctly be written in terms of a single D-ideal as
[ef=0 (1)
where I = D, (Py,..., P,).

This is the starting point of algebraic analysis
which studies the properties of solutions to Equa-
tion (1) in terms of either the D-ideal I or more
generally the D-module D,,/I. If instead we con-

sider the R-module R,/ R, I we study the properties
of solutions at the ‘generic point’.
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Elimination term orders

A total order < on the monomials {29}, gene
is called an elimination term order if 1 is the
smallest monomial and:

1 < 937;8@',
0P < x£%0° implies £ T*0Ht < g@+s90+
07 < 97 implies 20" < 7.

A classical example of an elimination order
is given by considering the weight order w.r.t.
v € N2, on the d’s and then refining with the lex
order on

OL > >0, =T >+ > Tp.
The resulting order is denoted by <,

Compatibility with localization: A Grobner
basis of a D, ideal I w.r.t. <, descends to a Grob-
ner basis of R, I w.r.t. 4(0,?1)’ i.e. the restriction of
the order to the 0’s.

Connection matrices

When the holonomic rank of the D-ideal, that is
rank([) := dimg,) R/ Ryl (3)

is finite, the differential Equation (1) can be ex-

pressed in matrix form using a basis si,..., sy,
of R,/R,I as
DeF = A,-F, i=1,...n (4)

where F = (s 0 f,....sme f).

.., A, are the connection ma-
trices of I and encode the action of multiplying by

the 0;’s modulo R,I. The sq,...,s,, can be cho-
sen as the standard monomials of R,/ w.r.t.

The matrices A, .

/
<(O,v)‘

The connection matrices can be computed via the
normal form algorithm in R,. Let G be a
Grobner basis of R, I w.r.t. %0 »)- Then,

normalForm(dys;, G) = Z<Ak)i,j5j-

Example

Consider the following ideal of differential operators in Dy

I = (20, — y0, + 0y — 0y, 20, + Y0, + 1) = (P, P)

Its solution space, that is the functions f, such that P, e f =0 and % e f = 0 is given by:

1

Sol(I) = C <

T —y

1
L —Y

oc(o/1) )

Setting v = (2, 1), a Grobmer basis for I w.r.t. <), is given by

G = {y&’xﬁy + 0, + y8§ + 0y, 20, +y0o, + 1, :Uy&z — y28§ + 20, — 3yd, — 1} .

From in_, v)(RQ] ) = &£y, &, €;) we can then read off the standard monomials

81:1,

S9 — ay,

such that the system I @ f = 0 can be expressed in matrix form as

)=\ ) ) e () = () )
(%0 — T+ ' nd 0, e — —x ° :
(%f ( -%’(«flfl—y) :L’(:Uyw) Iyt ) T \%/S (x—ly)y (SBUy—y)y Oy f

universe +r

Gauge transformation

Connection matrices in a different basis, for example
in terms of

~

F=gF, g¢¢€GL,C(x)),
are obtained via gauge transformation:
i=1,...,n. (b

~

A; = gAig ' +(0ieg)g

In e-parametric examples, gauge transformations
sometimes allow to obtain e-factorized connection
matrices.
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Ask me about our research

Live demo of our package
Implemented methods in M2
Check out the documentation at

mathrepo.mis.mpg.de/ConnectionMatrices/

Contact: nicolas.weiss@mis.mpg.de
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